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Abstract — The capacity region of multi-pair bidirectional relay 
networks, in which a relay node facilitates the communication 
between multiple pairs of users, is studied. This problem is 
first examined in the context of the linear shift deterministic 
channel model. The capacity region of this network when the 
relay is operating at either full-duplex mode or half-duplex 
mode for arbitrary number of pairs is characterized. It is shown 
that the cut-set upper-bound is tight and the capacity region 
is achieved by a so called divide-and-conquer relaying strategy. 
The insights gained from the deterministic network are then 
used for the Gaussian bidirectional relay network. The strategy 
in the deterministic channel translates to a specific superposition 
of lattice codes and random Gaussian codes at the source nodes 
and successive interference cancelation at the receiving nodes 
for the Gaussian network. The achievable rate of this scheme 
with two pairs is analyzed and it is shown that for all channel 
gains it achieves to within 3 bits/sec/Hz per user of the cut- 
set upper-bound. Hence, the capacity region of the two-pair 
bidirectional Gaussian relay network to within 3 bits/sec/Hz per 
user is characterized. 

Index Terms — Bidirectional communication, capacity region, 
deterministic approach, multi-pair relay network, two-way 



I. Introduction 

Cooperative communication and relaying is one of the 
important research topics in wireless network information 
theory. The basic model to study this problem is the 3-node 
relay channel which was first introduced in 1971 by van 
der Meulen Q and several strategies for this network were 
developed by Cover and El Gamal ||5J. 

While the main focus so far has been on the one-way-relay 
channel, bidirectional communication has also attracted atten- 
tion. Bidirectional (or two-way) communication between two 
nodes was first studied by Shannon himself in |]6l. Nowadays 
the bidirectional communication where an additional node 
acting as a relay is supporting the exchange of information 
between the two nodes (or one pair) is gaining increased at- 
tention. Some relaying strategies for the one-pair bidirectional 



relay channel, such as decode-and-forward, compress-and- 
forward and amplify-and-forward, have been analyzed in Qj. 
An interesting strategy referred to as noisy network coding was 
proposed in Js), which generalizes the compress-and-forward 
strategy in (|5|. 

Network coding type techniques have been proposed also 
by m, QOl, HH, lEl (and others) in order to improve the 
transmission rate. In ||9l, a network coding approach is used 
for the first time in a wireless network in order to reduce the 
number of transmissions needed to exchange the number of 
data packets between two nodes of bidirectional setup. While 
before 4 transmissions were needed, the number of transmis- 
sions was to reduce to 3 in ||9l resulting in higher data rates. 
The transmit strategy in ifTOl is similar to ||9l with the extension 
that a channel code is used by the nodes when communicating 
to the relay. Once the data is received at the nodes, they 
perform iterative network and channel decoding resulting in 
higher rates than without network coding. In ifTTI . lfT2l the 
number of transmissions is further reduced by allowing the 
nodes to submit their data simultaneously to the relay resulting 
in a multiple-access setup. Additionally, ifTTI . lfT2l utilize the 
idea of network coding for the binary case to extend it to 
the Gaussian case by using lattice coding, which is referred 
to as physical layer network coding. In lfT2l . it is shown that 
the lattice based scheme outperforms other schemes at high 
SNR. It turns out, however, that decoding the individual data 
streams in the multiple-access hop gives better performance at 
lower SNR. In fTTI decode-and-forward, amplify-and-forward, 
and modulo-and-forward relaying strategies are compared in 
terms of transmission rate. It turns out that depending on 
the scenario, one of schemes outperforms the other two, i.e., 
neither one is always outperforming the other The tightest gap 
characterization on the capacity for the two-way relay channel 
is provided in ifTsl . where it is shown that upper and lower 
bounds only differ by 1/2 bit. 
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A. System under investigation 

The bidirectional relay channel problem discussed above 
can be generalized to a multi-pair (or multiuser) setting in 
which the relay facilitates the communication between mul- 
tiple pairs of users. The achievable degrees of freedom for 
a three user case with multiple antennas were determined 
in lfT4l . In ifTSi authors analyzed the case that the relay orthog- 
onalizes different bidirectional transmissions by a distributed 
zero forcing algorithm and then multiple pairs communicate 
with each other via several orthogonalize-and-forward relay 
terminals. In lfT6l . ifTTl authors investigated this problem for 
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interference limited systems in which each pair of users share 
a common spreading signature to distinguish themselves from 
the other pairs, and proposed a jointly demodulate-and-XOR 
forward strategy. However, so far no attempt has been done 
to characterize the capacity region of this network, and the 
optimal relaying strategy is unknown. 

In this paper we study the information theoretic capacity 
of the multi-pair bidirectional wireless relay network. We 
first examine this problem in the context of the linear shift 
deterministic channel introduced by Avestimehr, Diggavi, and 
Tse 13). This model simplifies the wireless network interaction 
model by eliminating the noise and allows us to focus on the 
interaction between signals. This approach was successfully 
applied to the relay network in 13], and resulted in insight 
in terms of transmission techniques which also led to an 
approximate characterization of the capacity of Gaussian relay 
networks. This approach has also been recently applied to the 
bidirectional relay channel problem ifTSll . |fT9l . which again 
resulted in finding near optimal relaying strategies as well 
as approximating the capacity region of the noisy (Gaussian) 
bidirectional relay channel. The deterministic approach is not 
restricted to relay networks. For instance, an approximate 
characterization of the capacity for the Gaussian interference 
channel was obtained in 1201 using the deterministic approach. 
Transmission techniques in a deterministic relay-interference 
network were studied in 12T|| . 

B. Main contributions 

Inspired by the results mentioned above, we apply the linear 
shift deterministic model to the multi-pair bidirectional relay 
network and analyze its capacity when the relay is operating 
at either full-duplex mode or half-duplex mode (with non 
adaptive listen-transmit scheduling). In both cases we exactly 
characterize the capacity region and show that the cut-set 
upper-bound is tight. We show that the capacity region is 
achieved by dividing the signal level space elegantly between 
the multiple pairs, i.e., different pairs are orthogonalized on the 
signal level space. Each pair is then operating on the portion 
of the signal level space assigned to it. The relay uses a similar 
functional-forwarding scheme as in |fT8l|, in which the relay re- 
orders the received superposed signals on the different levels 
and forwards them without decoding everything explicitly. The 
strategy is therefore referred to as divide-and-conquer-strategy. 

Later on, we use these insights to find a near optimal trans- 
mission technique for the Gaussian case. More specifically, we 
propose a superposition of lattice codes and random Gaussian 
codes at the source nodes. However, orthogonalization as in 
the deterministic setup is not possible in the Gaussian setup as 
all signals arriving at the relay interact with each other Thus 
the relay attempts to decode the Gaussian codewords of the 
respective nodes and the superposition of the lattice codewords 
of each pair by using successive interference cancelation. 
The relay then forwards this information to the intended 
destinations. We analyze the achievable rate region of this 
scheme and show that for all channel gains it achieves to 
within 3 bits/sec/Hz per user of the cut-set upper-bound on the 
capacity region of the two-pair bidirectional relay network. 
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Fig. 1 . The system model for M pair bidirectional linear shift deterministic 
relay network. 

The paper is organized as follows. In Section |ll] we inves- 
tigate the full-duplex and half-duplex multi-pair bidirectional 
linear shift deterministic relay network and characterize the 
exact capacity region of this network. In Section [nil we 
discuss the insights gained from the linear shift deterministic 
model and how these insights can be used in the Gaussian 
setup in the subsequent Section |IV] In the Gaussian two- 
pair bidirectional relay network, we present upper bounds, 
derive our achievability strategy and characterize the constant 
gap between the upper bounds and our proposed scheme. We 
finally conclude the paper in Section |V] 

II. Multi-pair bidirectional linear shift 

DETERMINISTIC RELAY NETWORK 

In the following subsections, we state the precise definition 
of the problem and present the main result for the deterministic 
case. 

A. System model 

The system model for the Af-pair bidirectional relay 
network is shown in Figure [T] In this system M pairs 
(Ai, . . . , [Am: Bm) aim to use the relay to communicate 
with each other (i.e., Ai and Bi want to communicate with 
each other, and so on). The relay can operate on either full- 
duplex or half-duplex mode. In the full-duplex mode it is able 
to listen and transmit at the same time, while in the half- 
duplex mode it can only listen or transmit at a particular time. 
In the half-duplex scenario, we only consider the case that 
the listen-transmit scheduling is non-adaptive and the relay 
listens a fixed A fraction of the time and transmits the rest. 
Although A can not change adaptively as a function of the 
channel gains, one can optimize over A beforehand. 

We use the linear shift deterministic channel model to model 
the interaction between the transmitted signals. The linear shift 
deterministic channel model was introduced in 13. Here is a 
formal definition of this channel model. 

Definition II.l: (Definition of tlie linear sliift deterministic 
model) Consider a wireless network as a set of nodes V, 
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(a) Uplink (b) Downlink 

Fig. 2. The pictorial representation of a two-pair bidirectional linear shift 
deterministic relay network with channel gains riy^-^n = 3, ng-^n = 2, 
nA2R = 2, nsaiJ = 1, "flAi = 2, nuBi = 3, nuA2 = 1 and n^s^ = 2. 



where \V\ ~ N. Communication from node i to node j has 
a non-negative integer gaii{3 associated with it. This 

number models the channel gain in a corresponding Gaussian 
setting. At each time t, node i transmits a vector Xi[t] G F2 
and receives a vector yi[t] G F2 where q = maxi.j(n(i ^j). 
The received signal at each node is a deterministic func- 
tion of the transmitted signals at the other nodes, with the 
following input-output relation: if the nodes in the network 
transmit Xi [t] , X2 [t] , . . . Xjv [t] then the received signal at node 
j, 1 < j < ^ is: 

N 

y,M =^S9-"'=^^Xfc[<] (1) 
fe=i 

for all 1 < k < N, where S is the q x q shift matrix and the 
summation and multiplication is in F2. 

Now that we have defined the linear shift deterministic 
channel model we can apply it to the multi-pair bidirectional 
relay network. A pictorial representation of an example of 
such network with two pairs is shown in Figure |2] In this 
figure each little circle represents a signal level and what is 
sent on it is a bit. The transmit and received signal levels are 
sorted from MSB to LSB from top to bottom. The channel 
gain between two nodes i and j indicates how many of the 
first MSB transmitted signal levels of node i are received at 
destination node j. As described in the channel model ([T]i, at 
each received signal level, the receiver gets only the modulo 
two summation of the incoming bits. 

B. Cut-set upper-bound and a motivating example 

The cut-set upper-bound 1221 on the capacity region of the 
full-duplex 7\/-pair bidirectional linear shift deterministic relay 
network (described in Section Ill-Ab is given by 

Y^I^^RaM^ ~ QRbA (2) 

< min ( max(^inA,_R + (1 - ii)nB,B.), 

max(€in_R_B, + (1 - ^i)nB.A^)) , 

for all U C {1, . . . , Af } and e {0, 1}, i = 1, . . . , AI. This 
bound is simply obtained by considering the pairs {Ai,Bi), 
i G XL, and creating a cut between them such that, if £i ~ 1, 

'Some channels may have zero gain. 



Ai is on the left and Bi is on the right side of the cut, and 
if ii = 0, Bi is on the left and Ai is on the right side of the 
cut. We then consider the sum-rate of communication from 
the nodes on the left side of the cut to the nodes on the right 
side of the cut. This is upper bounded by where the first 
term on the RHS of (|2]i is the maximum number of bits that 
the relay can receive from the nodes on the left side of the 
cut, and the second term on the RHS of (|2]i is the maximum 
number of bits that the relay can broadcast to the nodes on 
the right side of the cut. 

For example, in the case that we have only two pairs (M = 
2) and the relay is operating on the full-duplex mode, the cut- 
set upper-bound on the capacity region is given by 
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As a motivating example, we now consider the network 
shown in Figure |2] It is easy to check that the rate tuple 

{RAi , Rbi, Ra2t RB2) ~ (2, 1, 1, 1) 

is inside its cut-set region. In Figure [3] we illustrate a simple 
scheme that achieves this rate point. With this strategy, the 
nodes in the uplink transmit 

XAi = [«!,!, fll, 2, 0]* , XBi = [^1,1, 0, 0]* 
= [0,02,1,0]* , XBi ^ [b2.1,0,0f 

and the relay receives 

2/i?=[ai,i, ai,2®&i,i, a2,i©&2,i]*- 
Then the relay will re-order the received signal and transmit 

XR^[a2,i®b2s, ai,2ffi&i,i, ai,i]*- 

Then node Ai receives the signals (i.e., XOR-combination) 
ai,2 ® bi,i and since it knows ai.2 can decode 61.1. Similarly 
node Bi can decode ai.i and 01^2, node A2 can decode 62,1 
and finally node B2 can decode 02.1. Therefore we achieve 
the rate point (2, 1, 1, 1). 

There are some interesting points about this particular 
achievability strategy: 

• There is no coding over time. 

> There is no interference between different pairs on the 
same received signal level at the relay. 

> The relay just re-orders the received XOR-combinations 
and forwards them. 
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induction on the sum-rate 



(a) Uplink 




(b) Downlink 

Fig. 3. The scheme that achieves rate point (2, 1, 1, 1). 



We call a strategy with these properties a divide-and-conquer 
relaying strategy, which will be defined more formally in the 
next section. Quite interestingly, we next prove that any rate 
point in the cut-set bound region of the bidirectional linear 
shift deterministic relay network can be achieved using such 
strategy. 

C. Capacity region 

In this section we study the capacity region of the multi-pair 
bidirectional linear shift deterministic relay network. We first 
give an overview of our achievability strategy. This strategy 
consists of three components, namely orthogonalization, re- 
ordering (or permutation) and forwarding. The first component 
(orthogonalization) divides the uplink signal levels at the 
relay between the pairs in such a way that no signal-level 
is assigned to more than one-pair Hence, different pairs are 
orthogonalized in the uplink and do not interact with each 
other anymore. As a consequence, at each level, the relay 
either receives one bit from a single node or the XOR- 
combination of two bits coming from the pair of nodes that 
wish to communicate with each other The relay then reorders 
its received signal by applying a permutation matrix 11 (i.e., 
= liyn) and forwards it in the downlink. We name this 
strategy the divide-and-conquer relaying strategy. 

We now state our main result in this section. 

Theorem 1: The capacity region of the full-duplex multi-pair 
bidirectional linear shift deterministic relay network, described 
in Section lTl-AI is equal to the cut-set upper-bound Q, and it is 
achieved by the divide-and-conquer relaying strategy described 
above. 

Proof: 



M 



1=1 

to show that every integral 2Af -tuple 
{Rai, Rbi, ■ ' ' J Ram ^ Rbm) satisfying the cut set bound 
is achievable by allocating subsets of the signal levels 
exclusively to users of different session^ and using 
functional-forwarding at the relay. 

The proof is obvious for i?sum = 1- Assume it is true for 
all channel gains and all integral rate-tuples with sum-rate 
^sum < k. We now prove this for i?sum = k + 1. Consider 
a 2M-tuple R = (Ra^ , Rbi , Ram ; Rbm ) satisfying the 
cut set bound Q and i?siim = k + 1. We consider two separate 
cases. 

Case 1: There is a pair where both nodes have nonzero 
transmission rates. Without loss of generality we may assume 
that Rai and Rb^ are both nonzero. Our goal is to choose 
one up-link signal level and one down-link signal level at 
the relay, and assign them to the {Ai,Bi) session. Ai and 
Bi will then transmit one bit at the specified uplink level to 
the relay, and the relay will transmit (broadcast) the received 
XOR-combination at the specified down-link level to both Ai 
and Bi. After doing so and removing the specified signal 
levels, the network will reduce to a network with lower 
channel gains. We then show that the reduced rate-tuple 

{Rai - 1,Rbi - l,RA2,RB2r ■ ■ ,Ram-,Rbm) is the cut- 
set region of the reduced network. Therefore, by induction, it 
will be achieved and the proof will be complete. 

More specifically, for the up-link we choose the highest 
signal level connected to both Ai and Bi (denoted by = 
min(n^jii, nsjfl), and for the down-link, we chose the lowest 
signal level connected to both Ai and Bi (denoted by Id = 
xmx\{nfiAi 1 nRBi)- After removing signal levels Z„ and Id from 
the up-link and down-link of the relay, we obtain a linear shift 
deterministic network with channel gains 

n'A^R = nA,B - 'i-{nA,R>lu), i 1, . . . , A/, (1 1) 

= riB^R - l{nB,R > In), i = 1, . . . , Af, (12) 

n'nAi = ^RA, - ^nRA, > Id), i = 1, . . . , M, (13) 

n'j^g. = hrb, - HriRB, > Id), i^l,...,M, (14) 

where 1(.) is the indicator function. 

As we show in Appendix [A) the reduced rate-tuple R' = 

{Rai - 1,Rbi - 1,Ra2,Rb2,- ■ ■ ,Ram,Rbm) is in the cut- 
set region of this network, i.e.. 



(15) 



< min 



in ( max(€in^ j^. 



{^~^^)n'RA^), 



for all U C {1, . . . , M} and ti e {0, 1}, i = 1, . . . , M. 



Moreover, R', has sum-rate R' 



We first prove the result for integral rate-tuples. We use Hence, by our induction assumption, it can be achieved by 



^i.e., with integer components. 



session means the communication of one pair 
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using the remaining levels and the proof in this case is 
complete. 

Case 2: Every session has a node with zero rate. Without 
loss of generality, assume that Rb^ — . . . = Rg^^ = 
and Rai > 1- Again, we choose one up-link signal level 
and one down-link signal level at the relay, and assign them 
to the {Ai,Bi) session. Ai will then transmit one bit at 
the specified uplink level to the relay, and the relay will 
transmit (broadcast) the received bit at the specified down- 
link level to Bi. After doing so and removing the specified 
signal levels, the network will reduce to a network with 
lower channel gains. We then show that the reduced rate-tuple 
{Rai — 1,0, Ra2 , , • • • , Ram , ) is in the cut-set region of the 
reduced network. Therefore, by induction, it will be achieved 
and the proof will be complete. 

More specifically, we choose the highest signal level in the 
up-link that is connected Ai (denoted by /„ = uaib)^ and 
for the down-link, we chose the lowest signal level connected 
to Bi (denoted by Id = njiBi)- After removing signal levels 
lu and Id from the up-link and down-link of the relay, we 
obtain a linear shift deterministic network with channel gains 

in dnj-dnii. 

As we show in Appendix |B] the reduced rate-tuple R' = 
— 1, 0, i?A2: 0, • • ■ , Ram^^) is in the cut-set region of the 
reduced network. Moreover, it has sum-rate i?^^,^ = i?sum— 1 = 
k. Hence, by our induction assumption, it can be achieved and 
the proof in this case is complete. 

To complete the proof, we just need to show that all corner 
points of the cut-set bound region are achieved by the divide- 
and-conquer relaying strategy. Note that since all coefficients 
of the hyperplanes of the cut-set bound region are integers, 
then all corner points of the region must be fractional. If a 
corner point is integral then we are done. Otherwise, we 
choose a large enough integer Q such that Qi^ is integral. 
Now note that Q instances of a linear shift deterministic 
network over time is the same as the original network with 
all channel gains are multiplied by Q. To see this, let the 
transmit and received signal of node k {k £V) si Q time in- 
stances to be Xfc[i] = a;^"^^[i],x^^^[i] 

T 



<E F| and 



o,...,g-i. 



satisfying ([T]i. We now define and yfe as given in ( fTSI l on 
the top of the next page. From ([T]i, it is easy to see that x^'s 
and yfc's satisfy 



N 



A;=l 



where S is now the Qq x Qq shift matrix. Hence, we 
equivalently have a linear shift deterministic network with all 
channel gains multiplied by Q. Now since Qt is integral and 
is obviously inside the cut-set upper-bound of the enhanced 
network (where all channel gains are multiplied by Q), then it 
is achievable by the divide-and-conquer relaying strategy. This 
strategy can then be simply translated to a divide-and-conquer 
relaying strategy on the original network over Q time-steps. 
Therefore the corner point = R is achievable. ■ 



For illustration, let's apply the inductive algorithm in the 
proof of Theorem [U to achieve the rate-tuple (3,1,2,2) in the 
example network as shown in Fig. |4] and Fig.|5] We should first 
take the {Ai,Bi) pair and serve them through one signal level 
in UL and one level in DL, reducing the remaining rate-tuple 
to (2,0,2,2). This step is shown in Fig. |4(a)| Next, we take the 
(^2,^2) and similarly assign corresponding levels in UL and 
DL to them. This is done twice, reducing the remaining rate- 
tuple to (2,0,0,0). These two steps are shown in Figures |4(b)| 
and |4(c)| For the sake of clarity, the removed signal levels are 
dotted in each step. The remaining unserved rates are (2,0,0,0). 
We then apply the procedure in the case 2 of the inductive 
algorithm in Theorem [T] Fig. |4(d)| shows how this idea is 
applied to our example network. The final configuration that 
achieves the rate-tuple for this example is shown in Fig. |5] 

In the case that the relay is operating on the half-duplex 
mode (i.e., listening A fraction of the time and transmitting 
the rest), the cut-set upper-bound ll22l on the capacity region 
of M -pair bidirectional linear shift deterministic relay network 
will be 

^[£,i?A, + (l-^.)i?Bj 



< min ( A ma.x{tinA,B. + (1 - li)nB,Fi), (17) 
(1 - A) max(£inflB; + (1 - ) , 

for all U C {1, . . . , M} and I, e {0, 1}, i = 1, . . . , M. 

As a corollary of Theorem [T] we can also show that in this 
case the cut-set upper-bound is achievable. 

Corollary 1: Let A be the fraction of the time the relay 
listens and transmits the rest. The capacity region of the multi- 
pair bidirectional linear shift deterministic relay network with 
a half-duplex relay is equal to the cut-set upper-bound ( fTTI i. 
and it is achieved by the divide-and-conquer relaying strategy. 

Proof: Without loss of generality assume A is a frac- 
tional number (otherwise consider the sequence of fractional 
numbers approaching it). Then choose a large enough integer 
Q such that QA is integer. Then consider Q instances of the 
network over time, such that for QA instances the relay is 
listening and in the other (5(1 — A) instances it is transmitting. 
After concatenating these instances together, the resulting 
network can be thought of as a full-duplex multi-pair network 
where the uplink channel gains are multiplied by QA and 
the downlink channel gains are multiplied by (1 — A)Q. It is 
easy to verify that the cut-set bound region of this network 
is just the cut-set bound region of the original half-duplex 
network expanded by Q. Now by Theorem [T] and the previous 
argument, we know that the capacity region of this full-duplex 
multi-pair bidirectional network is equal to its cut-set upper- 
bound and is achieved by the divide-and-conquer relaying 
strategy. Now note that any divide-and-conquer relaying strat- 
egy in this full-duplex network can be translated to a divide- 
and-conquer relaying strategy in Q instances of the original 
half-duplex network; QA instances the relay is in the listen 
mode to get the signals and (1 — A)Q instances in the transmit 
mode to forward the signals. Therefore the cut-set upper-bound 
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Fig. 4. Illustration of the inductive algorithm introduced in Theorem [T] 
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(b) Downlink 

Fig. 5. Illustration of the resulting divide-and-conquer strategy of the 
inductive algorithm. 



is achievable and the proof is complete. ■ 

D. Remark 

An interesting insight, which will prove to be useful in the 
transition to the Gaussian case is the following. Although the 
scheme we provided is an inductive way of level assignment 
and seems quite unstructured (in the sense that it assigns 
signal levels on a greedy basis), one can actually say more 
about these assignments using certain observations. First of 
all, note that in this divide-and-conquer relaying strategy we 
have in general 2M types of signals that the relay might 
decode. Namely, M types of signals that are made up of 
one bit from one user of a session, and M types of signals 
that are the XOR-combination of bits from both users of the 
same pair Each signal is received at the relay at some signal 
level, and is transmitted to one or both of the end users at 
potentially another signal level in down-link. Please refer to 
the example network of Figures |4] and |5] and observe that 
quite interestingly, in the final configuration of signal type- 
level assignments, all signals of the same type are concatenated 
together both in UL and DL. In other words they appear 
at concatenated signal levels. In general, one can serve all 
signals of the same type at once by choosing a pair with 
nonzero rates and serve them (one bit per user per signal 
level) until one of the rates is zero. For M = 2 for example, 
assuming Ra^ > Rb^ and Ra2 > Rb2^ instead of reducing 
iRAi,RBi,RA2,RB2) to (Rai - i,RBi - 1,Ra2,Rb2) one can 
reduce it to {Rai — Rbi,0,Ra2^Rb2) once and find a 

chunk of signal levels to afford them. Then the same thing 
can be done for the other pair In the final configuration, all 
signals of the same type are in concatenation, which is also 
illustrated in Fig. |6l 



_o_ 
o 

6 
o 



A2 

A^Bi 

A2,B2 



Fig. 6. Allocating chunks of relay levels to signals of the same type with 



In the following, we discuss more insights gained from 
the examination of the linear shift deterministic multi-pair 
bidirectional relay network that can be interpreted for the two- 
pair Gaussian relay network. 

III. Transition from the linear shift deterministic 
MODEL to Gaussian model 

The result of the deterministic network basically suggests 
that it is optimal to divide the signal-level space into subspaces 
and allocate these orthogonal subspaces to the different ses- 
sions, i.e., pairs. Furthermore, it suggests to split the message 
of the stronger user of each pair (the user with stronger uplink 
channel, cf. section ITl-Db into two parts: 

1) the first part has the same rate as the rate as the message 
from the weak user and it is transmitted such that at the 
relay it is received with the same power as that of the 
signal from the weak user, 

2) the second part has the remaining rate and is transmitted 
at some higher signal levels. 

Hence, for M ~ 2, the relay receives four chunks of bits at 
different signal levels. Namely, the bits that are created from 
the XOR-combination of the signals of both users of each pair 
and, bits from the signals of the strong transmitter of each pair. 
The relay then forwards these signals at non-overlapping signal 
levels to the end users so that the XOR-combination of the 
signals is received by both users, whereas the other bits (from 
the strong transmitters) are received by the corresponding end 
users only. This way each user can easily decode its message 
having the received XOR-combinations, received bits and its 
own transmitted message. 

To apply a similar strategy to Gaussian networks, one 
will face three immediate challenges. The first one is the 
effect of the additive noise which is inevitably present in 
the Gaussian channels. The second issue is that the received 
signals at the relay can not be fully orthogonalized (i.e., we 
face interference between low power and high power signals). 
The third complication is in decoding the superposition of 
signals (and not the individual signals) which should take place 
at the relay. 

We propose the following solutions to overcome these 
difficulties. The noise issue can be simply resolved by using 
an appropriate block symbol coding scheme. The orthog- 
onalization problem is inevitable, however a compensation 
in the capacity region allows for interference tolerance. In 
other words, rather than showing the cut-set upper-bound is 
tight, we show that the cut-set upper-bound is achievable to 
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(a) Uplink (b) Downlink 



Fig. 7. Two-Pair bidirectional full-duplex relay network 

within a constant. Finally, using an appropriate lattice code, 
the third challenge is resolvable, too. In a lattice structure, 
the superposition of every two codewords is also a lattice 
codeword and therefore can be decoded at the relay ITTI . lfT2l . 
These will be addressed in the sections that follow. 

IV. Two-Pair Bidirectional Gaussian Relay 
Network 

In this section we analyze the capacity region of the two- 
pair bidirectional Gaussian relay network shown in Figure |7] 
In particular, we show that the transmission scheme which was 
developed in the previous section achieves within 3 bits/sec/Hz 
per user of the cut-set upper-bound on the capacity region. 

Thus, we consider two single-antenna transceiver pairs, 
{Ai,Bi) and (A2,i?2), communicating to each other by 
exploiting a relay R. The relay is operating in the full-duplex 
mode, i.e., it can listen and transmit at the same time. We 
use a complex AWGN channel model for all channels in this 
network. Hence, the received signals at the nodes are given 
by 

VB. = hAiRXAi + hBiF/XBi + hA^RXA2 + hs^RXB^ + Zr, 

TJA, = hiiAiXR + ZA, , Vb, = hRBiXR, + ZB,, i = l,2 

where xa^, xb^, xa2, xb2^ ™d xr are the signals transmitted 
from nodes Ai, Bi, A2, B2, and R, respectively. The transmit 
power constraint is E = E [ksiP] = E [\xr\'^] < P 

and the noises za^, zb^, ZA2, ZB2, and zr are all distributed 
as CIN'(0, 1). Note that the uplink channels gains {hA^R and 
hBiR) are not necessarily equal to the down-link channel gains 
(liRAi and HrbJ, i.e., channel reciprocity is not assumed. For 
each pair {Ai,Bi), Ra^ is the rate at which Ai transmits data 
to Bi and i?^. is the transmission rate of Bi to Ai. 

We now begin by describing the cut-set upper-bound 1221 . 
denoted by Ccs, on the capacity region of this network: 

'^cs = \^{Rai,Rbi,Ra2tRb2) '■ (18) 

Ra, < mill {C {\hA,R\''P) ,C {IHrbA^P)) (19) 
Rb, < min (C {\hB,R\^P) , C {\hRA, \^P)) (20) 

Ra, + Ra2 < mill {C + \hA2R\f P) , 

C{{\hRB,\^ + \hRB2\^)P)) (21) 

Rb, + Rb2 < min (C (^{\hB,R\ + p) , 

C{{\hRA,? + \hnA2?)P)^ (22) 
+ Rb2 < min (^C (^(|/iai_r| + \hB2R\f -P) , 

C {{\hRB,\^ + \hRA2\^) P)) (23) 
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Rbi +Ra2 < min (c + |/ia2-rI)^p) : 

C{{\hRAA^ + \hRB2\^)P))}, (24) 

where C{x) = log (1 + x). The terms in ( |26] l- ( [3T] i correspond 
to the cuts labeled from 1 to 8 in Fig. [8] 

We also define a "restricted cut-set bound", denoted by C, 
to be: 

^^{Ra,,Rb,,Ra2,Rb2) ^K- (25) 
Ra, < min {C {\hA,R\^P) , C {{Hrb, \^P)) (26) 
Rb, < mill (C {\hB,R\^P) ,C {\hRAfP)) (27) 

Ra, + Ra2 < mill [C + \hA2Rf) P) , 

C {msi^{\hRBA^\hRB2\^) P)) (28) 
Rb, + Rb2 < min (c ((I/ibihP + |/iB2i?P) P) , 

C {mei^{\hRA,\MhRA2\^) P)) (29) 
Ra, + Rb2 < mill (C {{\hA,R\^ + \hB2R\^) P) , 

C {mso^ {\hRBA'',\hRA2?)P)) (30) 
Rb, + Ra2 < mill [C {{\hB,R\^ + \hA2R\^) P) , (31) 

C {m&^{\hRA,\\\hRB2?) P))], 

In the next lemma, we show that the gap between the cut-set 
bound and the restricted cut-set bound is at-most 1 bit/sec/Hz 
per user. 

Lemma 1: The cut-set upper bound in ( fTSl l is within 1 
bit/sec/Hz per user of the restricted cut-set upper bound 
in 

Proof: Consider the first expressions in (1211 1 and (l28l l. It 
holds that 

c({\hAM + \hA2R\fP) 

< C {{\hA,R\'' + 2\hA,R\\hA2R\ + \hA2R\'') P) 

< C{{2\hA,R\^ + 2\hA2R\^)P) 
<C{{\hA,R\^ + \hA2R\^)P)+l, 

where (a) follows since — I'ia2-r|)^ ^ 0- Thus, the 

gap between the first expressions in (ISTT i and ( |28] | is at most 
1 bit/sec/Hz. Similarly, for the second expressions in (ISTT i and 
(|28] l, it holds that 

C{{\hRBA^ + \hRB2\'')P) 

< C {2 max {\hRB,\MhRB2n P) 
<C{max{\hRBAMhRB2nP) +1 

and thus the gap between he second expressions in (1211 1 
and ( [28T l is at most 1 bit/sec/Hz. Following the same procedure 
for the remaining sum rate terms in ( fTSl l and (|25] l completes 
the proof. ■ 
In the remainder of the paper, we only consider the re- 
stricted cut-set upper bound. This is motivated as follows. 
The structure of the expressions in in i25[ resemble the rate 
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expressions of the achievable scheme which is described in the 
following. Thus, the gap analysis becomes very convenient 
and by Lemma [T] we are assured that we loose at most 
one additional bit/sec/Hz in the gap analysis to go from the 
restricted cut-set bound to the actual cut-set bound. 

Next, we define the up-link and down-link cut-set regions. 
The up-link cut-set region, Cu, is the set of rates satisfying 
equations (|26]|-(|3TI) when the down-link channel gains are 
assumed infinity. This means that the only restricting factors 
in determining the capacity regions are assumed to be the 
up-link channel gains. Likewise, the down-link cut-set region, 
Gd, is the set of rates satisfying (l26]l-(l3Tli in which the up-link 
channel gains are set to infinity. Note that C = 6^ fl 

We say that a 4-tuple {Rai, Rbi, Ra2j RB2) is achievable 
if simultaneously Ai can communicate to Bi at rate i?^; and 
Bi can communicate to Ai at rate Rb^ with arbitrary small 
error probability. The union of all achievable rate tuples is 
defined as the capacity region. We are now ready to state our 
main result. 

Theorem 2: The capacity region of the two pair full-duplex 
bidirectional relay network is within 2 bits/sec/Hz per user of 
its restricted cut-set upper-bound described in (|26]l-([3TTi. Or, 
more precisely, if 

{Rai , Rbi , , Rb2 ) G C 

and RAi,RBi > 2 for i — 1,2, then the rate tuple {Rai — 
2, - 2, Ra2 - 2, Rb2 - 2) is achievable. 

The rest of this section is devoted to proving this Theorem. 
First, we state the following lemma which helps us by limiting 
the number of rate configurations that we have to consider 

Lemma 2: Let R = {Rai,Rbi,Ra2jRb2) ^ rate tuple 
in the cut-set region C. Assume Rai > RBt^ i — 1,2. Then it 
is always possible to sufficiently reduce the transmit powers 
at the uplink and add extra noise to the received signals at 
the downUnk, such that new effective channel gains satisfy 
\hA,R\ > \hB.R\ and \hRB, \ > \hRAi \ for i = 1,2, and R is 
still in the shrunk cut-set region. 

Proof: See Appendix ICl ■ 
This lemma basically reduces the number of relevant channel 
gain orderings that we have to consider in order to prove 
Theorem |2] Assume that the rate tuple that we want to 
show to be achievable (within 2 bits/sec/Hz per user) satisfies 
RAi > RBi for i = 1,2. By Lemma IH we can without 
loss of generality (wlog) assume that |/iAii?| > for 
i = 1,2. We can also wlog assume that > |/ia2-r| 

(otherwise we can re-label pair 1 and pair 2). Therefore, we 
only need to consider three different channel gain orderings 
for the uplink. Those three cases are shown in Fig. |9(a)[ |9(b)| 
and |9(c)| Similarly, we only need to consider three cases 
for the downlink. To prove Theorem |2] first we describe the 
encoding strategy at the transmission nodes. As mentioned 
earlier, the idea is that strong transmitters of each pair split 
their signals into a Gaussian codeword and a lattice codeword, 
while the weak user only transmits a lattice codeword. While 
stating this encoding strategy we leave the power allocation 
parameters unspecified. In other words, the power level at 
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(a) Cuts (I) (b) Cuts (II) 



Fig. 8. Cuts for the upper-bound on the capacity region 

which the user breaks up its message into the superposition 
of Gaussian and a lattice codeword remains as parameters. In 
the next step we mention the decoding at the relay where the 
superposition of lattice points and the Gaussian codewords 
are decoded. Afterwards, the relay maps each of the four 
decoded codewords into a random Gaussian codeword, and 
broadcasts their weighted superposition to all users. The last 
step is the decoding at the nodes, where every receiver first 
decodes the undesired codewords that have larger weights than 
the desired codewords. Thus, those codewords are decoded 
and successively canceled from the received signal one by 
one. Afterwards, both the weak and the strong receivers of 
each pair decode the Gaussian codeword corresponding to the 
lattice codeword belonging to that pair. In addition to that, the 
strong receivers decode one more codeword. This codeword 
corresponds to the Gaussian codeword, which was received by 
the relay from their transmitting strong counterpart. Eventually 
as a result of this scheme the rates that the users will suc- 
cessfully transmit will be a function of the power parameters 
that we set at the beginning. We will finally show that by 
choosing these parameters appropriately any rate tuple within 
2 bits/sec/Hz per user of the cut set is achievable. 

A. Lattice Coding 

In the following, some preUminaries and results on lattice 
coding are provided that we use in the remainder of the paper. 
We refer the interested reader to ll23ll for more details. 

A lattice A of dimension n is described by 

A = {A = Gx : X e Z"}, 

where G describes the lattice and is referred to as the generator 
matrix. The fundamental Voronoi region of such a lattice A 
is denoted by fl. Furthermore, the volume of fl, i.e., the 
reciprocical of the number of lattice point per unit volume, 
is denoted by V. Now, let p a positive integer and Zp the 
set of integers modulo p. Further, let v : Z" — > Z^ be the 
componentwise modulo operation over integer vectors. The 
lattices used in this paper are mod-p lattices, i.e., of the form 

Active Z" -.veC}, 

where C be a linear {n, k) code over Zp and p is prime ll23l 
Construction A]. Now, let S be a balanced set l23l, ||24l of 
linear [n, k) codes over Zp and let £s be the set of lattices 
denoted by 

£s = {Ac : C e 3} . 
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(b) Case II 



1) JA^l 



(c) Case III 

Fig. 9. Three relevant configurations for the uplink and their corresponding 
received signal at the relay. At the lowest level, all signals are superposed, 
while at the next level (medium shade), all but one signals are superposed. 
At the top level (white) only one signal remains. 



With this in mind, lets consider the following system model 

y — X + z, 

where y is the receive signal, x is the transmit signal and z 
is additive noise with zero mean and a variance cr^. It was 
shown in ll23l Theorem 4] that if the transmitted codeword is 
a lattice point, then there exists a lattice for that channel and 
the average probability of error with lattice decoding can be 
made arbitrarily small as the dimension of the lattice increases. 
Similarly, it was shown in ||231 that by using a codebook 
(A + s) n S, where s is a shift and S describes the shaping 
gain, a rate R with arbitrarily small probability of error can 
be achieved if 

R < log (^^ 

We will use this result in the remainder of the paper for 
the characterization of the rate region achievable with our 
proposed scheme. 



B. Encoding at the nodes 

Wlog assume that RAtR > RsiB- By Lemma|2]this means 
that we can assume > l^BiRl and |/i_r_bJ > \hfjAi\- 

Then, the transmit signals at the nodes are given by 



where x^'' and x^-* 



are codewords chosen from a ran- 



dom Gaussian codebook of size 2 



nR 



(1) 



= 1,2, and 



2"^h', for j — 1,...,4, respectively, x^' and x^-*, 
i — 1,2, are lattice coded [23] using lattice ensembles 



nR 



(2) 



{ A^(2) , A^(2) , A^(2) , A^(2, } giving a codebook of size 2 

^ „i?<2' ^ ^ ^ 
and 2 with i = 1,2, respectively. We assume that the 

second moment per dimension of the fundamental Voronoi 

region ||231 of each lattice is 1/2 which ensures satisfying the 

power constraint. At nodes Ai we have two messages m^'' 

(2) 7iR}^^ nR^'^^ 

and rrVj^', from dictionaries of size 2 and 2 that are 
mapped to and a;^'', respectively. In other words, the 
strong transmitter of each pair transmits a superposition of 
a lattice code and a random Gaussian code, while the weaker 
user only transmits a lattice code. Thus, the transmit signals 
of nodes Bi and B2 reduce to 



For the nodes Ai and A2, we have a superposition code 
(cf. IH). Note that 




t 



„(2) 



and / 



„(2) 



„(2) 



where t and / are also lattice points due to the group structure 
of the lattice ifTH . 

The power parameters (i.e., and are assigned such 
that the lattice codes of each pair arrive at the same power 
level, so that the relay can decode the sum codeword correctly. 
Thus we set. 



l-BiR\ (2) 
2 '^Bi ■ 



l^AiR] 



(33) 



Furthermore, we should have a 



(1) 



a 



(2) 



< 1 and a'-n^ < 1 



C. Uplink: Decoding at the relay 

Recall that as discussed in Section |III] and illustrated in 
Figure |9] we have to analyze three cases only. Here, the 
analysis for the first case (cf. Fig. |9(a)| i is given in detail. 
For the other cases, only the results are presented, since the 
other cases are similar and therefore omitted. However, along 
the presentation of the results, we also mention the differences 
should there be any. 

1) Case |/iAifl| > I^Bifll > \hA2R} > \hB2R\- 
The decoding order at the relay is as follows. First the relay 
decodes the Gaussian a;^', then the lattice point t from Ai 
and Bi, followed by x^^l and finally the lattice point / from 

A2 and B2- We can show that for any choice of and a^g\ 
this can be done successfully as long as. 




1,2 



with ^ a]^ ' = 1, 



^Ai - 



(32) C 



(34) 



\hMR.\''a''^lP 



2a 



^'^'hB,R\^P- 



I-A2R 



|2F + 2ag>B2i?P^- 
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R^aIRb^ <log 



R'xIRb, < {log {a'^l\hB,R\'P 



, a^P\hA,R\-'P + 2a^^!\hB,R}^P + 1 , 



.(2) 



i?« < C 

A2 — 



2\hB,R\^a^BlP+^, 



Details of the derivations are given in Appendix |D] 

2) Case > {Iia^rI > I^Bi/?! > \hB2R.\- The 

decoding order at the relay is as follows. First the relay 
decodes the Gaussian x^^^ and xj^^] simultaneously by treating 
the remaining signals as noise. Afterwards, the lattice point t 
from Ai and Bi is decoded, followed by the lattice point / 

from A2 and B2. We can show that for any choice of 

(2) ^ 
and , this can be done successfully as long as. 



< < c 



\hA,R\^a'ilP 



2af^\hBM^P + 2a^^l\hB2R}^P+l, 



(37) 



Now we state the following lemma whose proof is given in 
Appendix |E] 

Lemma 3: Suppose that the nodes are using the transmit 
strategy described in Section IIV-BI Then for any 4-tuple 

{rAi , rBi , rA2 , »"B2 ) satisfying 

rAr < C {\hA,R\^P) -2,rB,<C {\hB,R\^P) - 1 (47) 

rA2 < C {\hA2R\^P) - 2 , rs, < C - 1 (48) 

TA, +rA2<C + \hA2R\''P) - 4 (49) 

TA^ +rB2<C + \hB2R?P) - 4 (50) 

+ rs, < C (|/iBiii|'P + \hB2R?P) ~ 4 (51) 

rsi +rA2<C {\hBM^P + I^^A.^pP) - 4, (52) 

there exists a choice of power assignments {o^a- "^b^) 
such that the relay can use the decoding strategy described 

earlier to decode the Gaussian x"^, of rate b!"^^, — rAi ~ rSi, 

(2) ' ' 
the lattice point t of rate i?)^ ~ Rbi ~ ?'Bi, and the lattice 

(2) ^ 

point / of rate = Rb^ —^32^ with arbitrary small error 
probability. 



R'Z < c 



R 



a^Al\hA2R?P 



24'>Bi«PP + 2<j \hB2R?P + 1 



(2): 



R'l> < C 



\hA,R\^a^A:P + aA2\hA2R?P 



, 2a^Bl \hB,R\^P + 2a'^> \ /i^.i? | + 1 , 



,.(2) 



(38) 



(39) 



D. Encoding at the relay 



The relay maps the decoded t 



.(1) 



and / to a 



Gaussian codeword from a codebook of size 2"^-*! , x^' 
from a codebook of size 2"^^i , 2;^^ from a codebook of size 
2"^-42 , and x'p^ from a codebook of size 2"^^2 , respectively. 



R%Rb^ <log 



Rf,,RB2 < [log [a'^^\hB2R\''P 



2a%l\hB2R?P^\, 



.,(2) I 



(40) 
(41) 



3) Case > \hA2R\ > I^Bsfll > I'^Si-rI- 

The decoding is similar to the above case, except that the 
lattice point / from A2 and B2 is decoded before decoding 
the lattice point t from Ai and Bi . Again, we can show that 
for any choice of and ag\ this can be done successfully 
as long as. 



< < c 



\hMR\'c^^llP 



2a^^>\hB,RPP + 2a'^> l/is^flP^ + 1 



(2): 



(42) 



E. Downlink: Decoding at the nodes 

As in the uplink, we have to consider three cases only, 
from which we provide the detailed analysis for |/i/ebJ > 
l^flAil > |^i?.S2l — l^i?A2l- The other cases follow similar 
lines of arguments and thus only the results are presented. 

The relay uses a superposition of four messages. One 
message is decoded by all users. Another message is decoded 
by both users of the first pair and the strong receiver of the 
second pair. Yet another message is decoded by only the strong 
receiver of the first pair, and finally the remaining message is 
decoded by both users of the first pair. 

1) Case \hRBi\ > \hRAi\ > \hRB2\ > l^flAal- We can 
show that for any choice of a^^' and a^'', this can be done 
successfully as long as. 



R'll < c 



aT2\hA2B]'P 



2«i'>BiflPP + 2a'g> \hB2R\^P + 1 J 

\hA,R]^a^AlP + 0^Al\hA2R\^P 



J2)| 



2a'i>\hB,R\^P + 2a'^l\hB2R?P + 1 



(2) 



R^llRB2<log 



R%Rb, < (log 



\hB2R?aBlP 



..(2), 



I'BiR] 



'-P 



(43) 



(44) 

(45) 
(46) 



R%Rb^ < minfC 



i?i'\i?B2 <miii(C 



1 + 
c{\hRAA 



P\h 




hRB2\^a'-^\ 



RB2 



2^.7 = 1 



\hRA2?a^R^P 



P\h 



RA2 



„(2)^ 



(53) 



(54) 
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(55) 



< < c 



1 + P\h 



RB; 



Details of the derivation are given in Appendix |F] 

2) Case {HrbiI > \hRB2\ > \hRAt \ > l/iflAal ■ We can 
show that for any choice of and this can be done 
successfully as long as, 



RaI^b, < min fC 




C 



C 



c 



\hRB^^a^^''P 



l + P\hRB,VY.]=l<^R ) ' 

2^,(4) , 



(2) , (3) 



R^Al<C[\hRB,\'a'^>P 



l + P\hRAA'' ( 

\hRA,?afp 
l + P\hRA,V Ur'^ 



2^,(1), 




A2 — 



\hRB.A''afP 



(1) 



3) Case > |^fl,B2l > \hRA2\ > \hRAi \ • We can 

show that for any choice of and a^"*, this can be done 
successfully as long as. 



RaIRb, <min(C 



C 



C 



\hRB2?Pc^^R^ 



U) 



l + \hRB2\'PEU,,^2<^ 

IhRAA^Pa^R^ 
l + \hRM\^P[ 

IhRMl^Pa^R^ 



(4) , (3) 



l+\hRA2\^P[a^R^ 



v(4) 



(59) 



C 



\hRB2\^Paf 
l + \hRB2\'P(a^R^ +a^f 



(60) 



>l2 — 



(3) 



^RB2?P0'r 



\hRB2\^Pa^R\ 
(61) 



Now we state the following lemma whose proof is given in 
Appendix |G] 

Lemma 4: Suppose that the relay is using the transmit strat- 
egy described above. Then for any 4-tuple (r^^ ,rBi, rA2 ,^82) 
satisfying 

rA^ < C {\hRB, I'P) - 2 , rs, < C {\hRA, fP) - 2 (62) 
rA2 < C {\hRB2 \^P) - 2 , rs, < C {\hRA2 \^P) - 2 (63) 

rA,+rA2 <C {inax{\hRB,\^P,\hRB2\^P)) -3 (64) 

rA,+rB2 < C (max {\hRB,\^P,\hRA2\^P)) - 3 (65) 

rB, +rB2<C (max {\hRA, \^P, \hRA2 \^P)) - 3 (66) 

rB,+rA2 < C {iRax {\hRAA^P,\hRB2\^P)) - 3 (67) 

(i) 

there exists a choice of power assignments (a)^ s) such that 
i?i can decode the Gaussian codewords x^'' of rate = 

J'Ai —fBi, and Bi can both decode the Gaussian codeword 

(2) (2) 

x}j of rate R\_^ = = r^^, B2 can decode the Gaussian 



(3) 

codeword a;}j of rate R 



?(3) 



rs,, and A2 and 



(4) i2) 

can both decode the Gaussian codeword Xj^ of rate i?)^^ = 
^Ba = fBi^ with arbitrary small error probabihty. 

Now note that if 

{RAi , RBi , RA2 I ) £ 6 

and RBi ^ for i = 1, 2, then the rate tuple 

(^Ai , ^'Si , rA2 ,''52) = (-Rai - 2, - 2, i?A2 - 2, i?B2 - 2) 

satisfies the conditions of both Lemma [3] and |4] Therefore by 
the proposed strategy the rate tuple {Rai — 2, Rbi — 2, Ra2 — 
2,Rb2 — 2) is achievable, and this completes the proof of 
Theorem |2] 

V. Conclusion 

In this paper we studied the multi-pair bidirectional relay 
network which is a generalization of the bidirectional relay 
channel. We examined this problem in the context of the 
linear shift deterministic channel model introduced in |[3l and 
characterized its capacity region completely in both full-duplex 
and half-duplex cases. We also showed that the capacity can 
be achieved by a divide-and-conquer relaying strategy. Based 
on insights gained from the linear shift deterministic channel 
model, we proposed a transmission strategy for the Gaussian 
two-pair bidirectional full-duplex relay network and found an 
approximate characterization of the capacity region. In fact, we 
proposed a specific superposition coding scheme that achieves 
to within 3 bits/sec/Hz per user of the cut-set upper-bound 
on the capacity of the two-pair bidirectional relay network. 
Possible directions for future work is the extension to the half- 
duplex mode. Extension of the proposed transmission strategy 
to the case that there are more than two pairs is possible, 
however, analyzing the gap between the achievable rate of the 
corresponding scheme and the cut-set upper-bound is expected 
to be quite cumbersome. 
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Appendix A 

In this Appendix we prove that the reduced rate-tuple R' ~ 

{Rai-1,Rbi~1,Ra2-,Rb2,- ■ ■ ■,Ram-,Rbm)^^''^^^Rai > 1 
and > 1, created in case 1 of the proof of Theorem [T] 
is in the cut-set region of the reduced network (defined in 
(HB-dl), i e.. 



< min ( niax(^in^.^ + (1 - ^iWs r), 

max(£,n^B^ + (1 - fO'^kA,) ) , 

for all U C {1, . . . , M} and G {0, 1}, i = 1, . . . , M. 
If 1 e U, we have 

ieu 
(leu) 



J^I^^Ra, + (l - e,)RB,] - I 

m ( 

< mm ma.x{£inAiR. + (1 - £i)nB,R) 
\ ieu 

max(4nflB, + (1 - ii)nRA,)) - 1 
= mill ( ma.x{ei{nAiR - 1) + (1 - Qins^R - 1)), 
iax(4(ni?B, - 1) + (1 - t^){nRA, ~ 1))) 



max( 



< min ( m&y.{£in'j^.p. + (1 - Qn'^^p.), 



ieu 



max 

ie 



^^i^^n'RB, + {l-et)n'RAjy 



If 1 ^ U, we have 

J2[i^R'A^ + (1 - i^)R'B^ Y.i^^RA, + (1 " i^)R 

ieu 



■Bi 



ieu 
(3 



11 / 

< min ma.x{£inA,R + (1 - ii)nB,R), 
\ ieu 

max(€in_R_B, + (1 - ^i)nRA^)) 
ieu I 

= min ( max(£i(nA,i?, - 1) + (1 - li){nB,R - 1)), 

max(4(ni?B. - 1) + (1 - h){nRA, - 1))) + 1 
ieu / 



< min ( msxXiin j^. B, 
\ ieu ' 



'a,r + (1 - ^i)n'B,R), 

max(€,n^B, + (1 - ^0?^^^,)) + 1- 
teu / 



Therefore, if 1 ^ U, the only way to violate the cut-set bound 
is to have all above inequalities as equality, i.e., 

YyhRM + {\~h)RBA (68) 

= min ( msxXtinA.R + (1 - ii)nB,R), 
\ ieu 

g, + (1 - (69) 



max{einRB, 
teu 



mm I max(£in'^.j^ + (1 - ^iWB,R), 
ieu 



(70) 



max(t:in 

■ieu 



However, we show that this is in contradiction to our assump- 
tion of Ra^ 7^ and Rb^ ^ 0. To see this, note that by 
(fTTli-(fl4]i. the equality in (ITOl i happens only if we have one 
the following four cases. 

1) 3j G {2, . . . , M} such that, j G U, £j = 1, and 



'A,R 
T-AiR 



ma.Mn'^^j^ + {1 - e,)n'g^j^), (71) 

mill ( max(^in^ o + (1 - ^iW^ j^), (IT) 

max(4n'^B^ + (1 - ^O'^ijA,)) 
leu / 

'^'a^r = nA^R-l. (73) 

First, note that from (|7B, <|72]l, = 1, and the 
relationship between the channel gains in the original 
network and the channel gains in the reduced network 
([n)-(0, we have 



nA,R = max(^inA,7?. + (1 - h)nB,R), 
ieu 

riAjR < Tnax{£inRBi + (1 - ti)nRAi), 
ieu 



(74) 
(75) 

nA,R = mill ( max(^inA.fl + (1 - ii)nB,R), (76) 
\ ieu 

max(£inHBi + (1 - ti)nRAi)] 
ieu J 

Since n^^^ = ua^r - 1, we have ua^r. > L = 
mm{nAiR,nBiR.)- If uajR > ua^r, we can write 

Ra, +J2[t,RA, + {I - i^)RB,] 

ieu 

< min ^max (nAiR,Taax{£inAiR. + (1 - ii)nBiR, 



max nRBi,ma.x{iinRB, + (1 - it)nRA,) 



mm max 



{nAiR,nAjR) 



max n_RBj , max(£jriijB, + (1 - QriRAi) 
ieu 



mm [UA^R., 

max [urb^, 



max{linRBi + (1 - li)nRAi)) ) 
ieu J / 



CD 



's' min f max(£jnA,_R + (1 - ii)nB,R), 
V ieu 

max(£jn_RB, + (1 - lt)nRAi)) 
ieu / 



(77) 
(78) 



where the first step is true since R satisfies the cut-set 
bound ^ with U = U U {1} and £i ^ 1. Combining 
(|68] | and ( ITTI i. we get < 0, which is a contradiction 
to our assumption of Ra^ > 1- 
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Similarly, if ua r > tlbiR, we can write 



< min ^max (^BiR, nmx(^iri^,i?. + (1 - Qns.R) ] , 
max ( riijAi , max(€iriijB, + (1 - ii)nRAi) 

OH • / / \ 

= mm ( max [nB,R, nAjRj , 

max ^riijAj , max(£irifls, + (1 - f^i)nRAi)^ ) 



(nA^R, 



max HRAi , Tna.x[tinRB, 



+ {1 ~ i^)nRA,)] ) 



= nA^R, 

^ min ( max{£inA,R + (1 - li)nB,R), (79) 



max(^inflB^ + (1 - ^O'^fl.A,) 



where the first step is true since R satisfies the cut-set 
bound © with U = U U {1} and £i = 0. Combining 
(l68l l and ( |79] |, we get Rb^ < 0, which is a contradiction 
to our assumption of Rb^ > 1. Therefore, this case can 
not happen. 

2) 3j e {2, . . . , M} such that, j e It, ij = 0, and 



n'B,R = max(^,n;4^^ + (1 - ^i)"^,^), 



^BjR 



min max(4n^,_R + (1 " ^0»^i3,fl)' 



max 



+ (1 - 



^'b,R - ^B.R - 1- 



The proof that this case can not also happen is very 
similar to the previous case, hence we omit repetition. 
3) 3j e {2, . . . , M} such that, j e It, d-j = 0, and 



n'RB^ = max(^jn'fls^ + (1 - (80) 



'■RB, 



mm max( 

\ ieu 



^n'A,R + {l-i^)n'B^Ji), (81) 



max 
nRB, - 1- 



(82) 



From (ISOl l, (ISTl i. £j = 0, and the relationship between 
the channel gains in the original network and the channel 



gains in the reduced network (fTTT i- lfTil i. we have 

nRB, = maji{iinRB, + (1 - ii)nRA,), (83) 
riRBj < ma.x{einAiR + (1 - Qtlb^r), (84) 

nRBj = min ^nmx(^inA,i? + (1 - £i)nB,R), (85) 

max(^iniiB, + (1 - U)nRA,) 

Since n'^^^^ = n_R_B^. - 1, we have urb^ > lu 
T[im{nRAi,nRBi). If hrb^ > urb^, we can write 



Ra, +Y.^UnA, + {I - ti)RB, 



ieu 



< min max ua^^r, ma-x{iinAiR + (1 - £i)nB,R) 
\ \ ieu 

max ( nRBi,ma.x{£inRBi + (1 - ii)nRAi) 
\ ieu 

l83l / / 

- min max ua^r, max{£inAiR + (1 - £i)nBiR.) 
\ ieu 



ix(nRBi,nRB^)) 
min ^ max ^riAiit? 
max(£,;nA,fl. + (1 - ii)nBiR.)j , n^s^^ 



nRBj , 



ID 



min ( max{£inA,R + (1 - ii)nB,R), 
\ ieu 

max(^in_R_B^ + (1 - ii)nRAi) 
ieu 



(86) 



where the first step is true since R satisfies the cut-set 
bound © with U = U U {1} and £i = 1. Combining 
( |68] l and ( [86] l, we get Ra^ < 0, which is a contradiction 
to our assumption of Ra^ > 1- 
Similarly, if urbj > tlrAi, we can write 

-RBi +(l-^^)i?sJ 

ieu 



< min max ub^^r, ma-x{£inAiR + (1 - QriRiR) 
ieu 



max nRAi,max{einRBi + (1 - £i)nRA,) 
\ ieu 

(m / / 

= min max ub^^r, ma-x{£inAiR + (1 - QriRiR) 
\ \ ieu 

max (njiAi,nRB^)) 

[nuBj >nB.Ai ) 



max 

ieu 



(^max (^riBji^, 
{iinA,R + (1 - ii)nB,R)^,nRB^ 



min ( max(£inA,ii + (1 ^ ^i)nB^R), (87) 



max(^inijB, + (1 - ^i)nRA,) 
ieu 
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where the first step is true since R satisfies the cut-set 
bound (Ell with 'U = 'UU{l}and£i = 0. Combining 
( |68] l and dSTj i. we get Rb^ < 0, which is a contradiction 
to our assumption of Ra^ > 1- 
4) 3j e {2, . . . , M} such that, j e It, ij = 0, and 

n'RA, = max(^,?7,i^B. + (1 - i,)n'j^Aj, 
riRA, = mill ( max(4n^^fl + (1 - f^i)n'B,R), 



max(£,n^B^ + (1 - ^O^^^aJ 



riRAi - 1- 



The proof that this case can not also happen is very 
similar to the previous case, hence we omit repetition. 

Appendix B 

In this Appendix we prove that the reduced rate-tuple R' = 
{Rai — 1, 0, i?y!i2: O7 ■ ■ ■ iRam^O), with Rai > 1, created in 
case 2 of the proof of Theorem[T]is in the cut-set region of the 
reduced network (defined in (fTni-(fl4li). Since Rb^ = . . . = 
Rbm = 0' we just need to show that 



R^Ai ^ min ( maxri^.^, maxri'^ 



If 1 G U, we have 



VU C {!,..., A/}. 



RBi J 



m 



m . f \ 

< min maxn^. R, maxnpB. — 1 
\ieu ' ieu ^ 'J 

~ min niax{nAiR — l),max{nRBi — 1) I 

mm . ( , , 

< min I max n^.^, max 
If 1 ^ It, we have 



ieu ieu 

d) . / 

< min max ua a , max n rb 

\ ieu ' ieu ' ' 



= min max(nAiii — l),max(ni?Bi — 1) + 1 
y ieu * ieu ^ J 

mm . f , , \ 

< min maxri,4 R,maxnpR + 1- 
\ ieu ' ieu 

Therefore, if 1 ^ It, the only way to violate the cut-set bound 
is to have all above inequalities as equality, i.e.. 



ERa — mill maxn^. [?, maxn»R. 1 
V ieu ' ieu ■ ' / 
ieu ^ ^ 



(88) 



in (1881 1 and ( 189b happens only if we have one the following 
two cases. 

1) 3j G {2, . . . , Af} such that, j G It and 



"-AjR. 


teu 

/ \ 


f90i 


1 

^A,R. 


= mill max n 4 n , max rip « 1 
V^eu ieu 


(91) 


nAjR 


= maxriA.i?, 
ieu 


(92) 


riAjR 


= min max ua r , max urb | 
V^ieu ' ' t£U 'y 


(93) 


i^'a.r 




(94) 


^'AjR 


= nAjR - 1, we have ua^r > 


lu = nAiR- 



Hence, we can write 



Rai + E Ra, < min f max f ua^r, uiaxnA.R j 
ieu V V / 



max urbi , max urb, 
' ieu 



= mm max 



max n rb, , max n rb 
\ ieu 

{nAjR>nAiR) 

m ■ ( 

= n-A R = mm maxn^ ij, maxn^B. 

^ \ ieu ' ' ieu ' ' 



mm ^ nAji?., max ^ riijBi , infix ni?.Si 



(95) 



where the first step is true since R satisfies the cut- 
set bound ^ with It = It U {!}. Combining and 
( |95l ), we get Ra^ < 0, which is a contradiction to our 
assumption of Ra^ > 1. Therefore, this case can not 
happen. 

2) 3j G {2, . . . , Af } such that, j G It and 





= max 71^5 

leu 






= min maxn'4 p, 
\ieu 


max n'n r 

ieu ' 


riRB, 


= max Urb , 

ieu ' ' 




nAjR 


= min maxn^ . D, 
\ieu 


max n rb 

ieu ^ * 


1 

''^RBj 


= nRBj - 1. 





= min(maxn'j p.maxn'pR 1+1. (89) 

\ieu ' ieu 'J 

However, we show that this is in contradiction to our assump- 
tion of Rai > 1. To see this, note that by (Ilim4b . the equality 



The proof that this case can not also happen is very 
similar to the previous case, hence we omit repetition. 

Appendix C 
Proof of Lemma[2] 

Since the proof for both pairs are similar, we only bring the 
proof for pair i = 1. We claim that if > |/iaiJ?,| and 

R G Cu, then R G C[,, where C„ is the up-link cut-set region 
of the network resulted by weakening |/ibi_r| and setting it 
equal to I/iaiaJ- We call the new (undermined) uplink channel 
gains {hAiR,hBiR,hA2R,hB2B)- The claim is justified by 
check marking equations ( l26l ) to ( |3T] | for new capacities 
(with infinite down-link channel gains). The only non-obvious 
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inequalities are the ones in which IibiR appears. By symmetry 
we only have to verify that dZTj ) and dSTI i hold. Start with the 
original equations for {hAiR, hsiR, hA.^R, /iSafl) '^o'^^ '^hat 
the LHS of equations ( l27l i and (ISTT i are less than or equal to 
the LHS of ( |26] | and ( |28] | respectively and thus less than their 
RHS. Now replace hA^R with hsiR and Ha^r with Ha^r to 
get the desired inequalities. A similar argument on the down- 
link cut-set region shows that we can make the down-link 
channel gains of each pair consistent (in ordering) with the 
transmission rate and this completes the proof. 

Appendix D 
Decoding at the relay 

We receive the following signal at the relay 

/ (1) (1) , , / (2) (2) , , 

VR = hAiR\l a\^x\^ + hAiRy a\^x\^ + hR^RXB^ 

I U I (1) (1) I ) / (2) (2) , , , 

+ nA^_R^a\'^x\'^ + hA^R^aAlx\[_ + Hb^rXb^ + zr- 

For the case considered here > \hB^R\ > I^Aaiil ^ 

\hB2R\)^ we have the following decoding order at the relay: 



(1) 



t 



vj^^ r u r — > /. It follows the decoding of the signals 
from pair (Ai, B\). 

Decoding of x^' can be done with low error probability as 
long as 



c 



\hAM^Pa 



(1) 

Ai 



Once is decoded, it can be subtracted successfully from 
the received signal. Thus, we have 




(2) 

Next, the sum codeword t of the lattice codes from x\^ and 
xbi is decoded. The decoding of t can be done with low error 
probability as long as 

^ \hB,R\''P0c%l Y 



rT.^Rb, <l0g 



a^ll \hA,R\^P + 2a%l\hB,R\-'P + 1, 



Once t is decoded, it can be subtracted successfully from the 
received signal. Thus, we have 

U I (1) (1) I U I (2) f I 

It follows the decoding of the signals from pair (A2,i?2)- 
beginning with the decoding of the Gaussian x^^^ This can 
be done with low probability as long as 



IHa^rI'^Po 



(1) 

A2 



2\hB2R\^Pa 



(2) 

52 



Once x^^^ is decoded, it can be subtracted successfully from 
the received signal. Thus, we have 



As a final step, we want to decode the lattice point /. This 
can be done with low probability as long as 

Rb2 <(log {a^Bl\hB2R.fp)Y ■ 

Appendix E 
Proof of Lemma [3] 

The three cases we have to consider are given in sec- 
tions IIV-CII to IIV-C3I In the following we provide the proof 
for each case separately. 



A. Case |/iai_r| > > I^Aafll > l^BiRl 

Consider a 4-tuple (r^ij , , r^i^ , r^a) satisfying (|47]|-(|52||. 
Starting with (l36T l, we equate 



log [a'sUhB^RrP)) = TB, => a'^l 
Now from ( |48] | we know that 



\hB2R\^P' 



(96) 



2) l + \hB2R\'P \'^-2nfP>^ 
3^ - 2\hB2R\^P 



(2) 

which shows that this is a valid choice of a^^ . Next we equate 

(97) 



rA2 - rB2 = RHS of QB and use We get 

(1) _ (2'--^2-'-i^2 - 1) (2'-^2 + 1) 



\hA2R\'P 

Using ( |33] ) and adding this to ( |97] ) we get 

(1) (2) 2-2''-*2 +2'~-*2-'-B2 -2'~«2 - 1 

+ = \hZ^ 

3 . 2'''*2 - 2 ED 

- \hA2R\^P - ^' 

verifying that this is a valid choice of (x''^^^, '^aI- Then we 
equate tb^ = RHS of ( |35] |, by setting 

(2) _2''«l2''^2-'~B2 (2 • 2'~«2 + 1) 



< 



\hB,R?P 

3.2''i3l+''^2 (5D,|/lBjj,.|2p>| 



(98) 



Hb^rI^P 



< 



„(2) 



verifying that this is a valid choice of a^^ . Finally we equate 
rAi -rBi ^ RHS of OUi, by setting 



= (2'^-*i-''«i - 1) X 



(99) 

(2^A2+rBi-rB2 (1 + 22''-B2) + 2''^2-''-B2 (1 + 2''«2 ) + 2'"«2 ) 

\hA^R\^P ■ 

Using ( |33] | and ( |98] | and adding this to ( l99t we get 



5 . 2''M+'rA2 + 2'"-*i+'''S2 - 3 (12} 

\hA,R?P - ^' 



which shows that this is a valid choice of a^'', 
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Now from ( |48] l we know that 



B. Case > \hA^R\ > > l/is^i?! Using (l33), 2^ + 2?^ < 2^+^ with x,y > 1, and (fTOTT ) and 

J , J , adding this to ( |104| l we get 

Consider a 4-tuple (r^^ , , ''Aa i ''Sa ) satisfying (|47|i-(|52|i. 

Starting with (|4l]i, we equate ^(^) ^ |^2'''^i"''«i+''-*2-''b2 _ 2''-*2"''^2) x 

(100) 2'^^! (2 ■ 2'~«2 + 1) 

'•.42^rB2 7 . 2rAi+rA2 _ 2 ED 

2|/is2h| P which shows that this is a vaHd choice of a^^^ ciaI- 

(2) 

which shows that this is a valid choice of . Next we equate 

rs, = RHS of m, by setting ' C. Case \hA,H\ > IHa^rI > \hB,R\ > \hB,R\ 

(2) 2'"^! (2 • 2'"«2 + 1) ^.^.\hBinfP>2 Consider a 4-tuple (r^^ , , , ''Sa ) satisfying (|47]|-(|52]|. 

= ^|2p - 1' (101) Starting with (l46]l, we equate 

verifying that this is a valid choice of ag\ Then we equate (^^S (ci^Bi l^'-Sii?.! ^'j^ = ''Si ^ o;^' = |/ib r\'^P' 
TA2 -rB2 = RHS of (l38]l, by setting ^ (205) 

(1) {2'^^2-rB2 - 1) (4 ■ 2'-«i+'-^2 + 2 (2'-^i+i + 2'-«2) + 1) Now from gill we know that 

" \hA2R?P ■ 

(102) (2) , l + \hB,R\^P l'^«i'^^-^>i 

2|/iB,HPP - ' 

Using ([33, 2^ + 2?^ < 2^+?^ with x,y > 1, and (fTOOl i and 

adding this to (1102b we get which shows that this is a valid choice of a^' . Next we equate 



(1) (2) 6 • 2'^^2+'^Bi+''A2-8 (ID.llD 

''A2+O^A2< IhA^Rl^P - ^' (2) 2^-2[2^B,+ljmm,\hs2n\^P>l 

verifying that this is a valid choice of ctA^^ '^aI- Now we 

equate ta^ ~ tbi = RHS of ( |37] |. by setting verifying that this is a valid choice of Then we equate 

rA^ - rB2 = RHS of (|43]i, by setting 

(1) _ (2'~-^i-''Bi - 1) (4 • 2''«i+''«2 + 2 (2'~«i+i + 2'^«2) + 1) 

= iT^Zd^P ■ (1) _ (2''-^2^'-i^2 - 1) (4 ■ 2''^i+'-^2 + 2 (2''^2 + 2'-«i ) + 1) 

(103) " |/iA2i?PP 

(107) 

Using ([33, 2^ + 2?/ < 2^+?^ with x, j/ > 1, and (fTOlT i and 

adding this to ([l03ll we get Using 2^ + 2'' < 2^+?/ with x, y > 1, and ([1061) and 

adding this to ( 11071 ) we get 

(^^ (2\ 2'"«i (2 ■ 2'"«2 + 1) , 

(4.2-^^1+^32 _^ 2 (2'-«i+i + 2''^'2) +1) (4 ■ 2'-«i+''^2 + 2 (2'-«2 + 2'-«i ) + 1) 

\hA,R\^P \hA2R\'^P 

6 • 2'--'ii+''B2 + 2'~-*i - 6 ^ m (2-2''^2+''gi +2''«2) 

5 . 2''^2+''Bl + 2'''*2 - 6 (11,111 

which shows that this is a valid choice of a^^\ Q^Aj- ~ |^A2i?P^ ~ ' 

Finally we equate r^j - r^i + M2 - tb^ = RHS of ([3911, 

by setting verifying that this is a valid choice of a^j' '-'^Aj- Now we 

equate rA^ — tbi = RHS of ( |42] |. by setting 

n'^l'' — (2''^i^''Bi+''-^2-rB2 „ 2''^2-''B2'\ X ('104^ 

^1 z ;x uut; (2'-^i-'-i'i -l)(4-2''«2+'-i5i +2(2'^«i +2'-«2) + l) 

(4-2-^2+'-^. +2 (2-^2 +2-^0 + 1) _ = ^ '-^ |;,^^^|2p ' -■ 

\hA,R\^P ' ' (108) 
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Using (l33]l, 2^ + T> < 2^+?^ with x,y > 1, and (fTOST i and 
adding this to ( 11081 ) we get 

a'xl+a'xl <(2'-'^i-''«i - 1) X 

(4 ■ 2''«2+'~Bi + 2 (2''«i + 2''^2 ) + 1) 



2''-Bl 



< 



6 • 2'~'ii+'~«2 + 2''-''i 



|42),(3o} 

< 1. 



which shows that this is a vaHd choice of a^^^, ct'^Jl- 

Finally we equate — tb^ + — "Tb^ ~ RHS of ( |44] | 
by setting 

_ (1 



— O^A, -I'B, +rA^ -rsr, 



- 2'^'*2- 



(4 • 2''«2+'-Bi + 2 (2''«i + 2'"«2) + 1) 



Using 2^ + 2f < 2^+y with x, y > 1, and (fT06] l and 

adding this to (|109t we get 

,,(1) ^ ^,(2) _ ^^i-Ai-i-Bj+rAa-r-Ba „ 2''^2 "'"^2 ) 

(4 ■ 2''«2+'-Bi + 2 (2''«i + 2''^'2 ) + 1) 



\hMR\^P 
7 . 2'^^i+'^-*2 - 2 G2} 

which shows that this is a valid choice of a^2l' '^aI- 



by treating a;^'' as noise. This can be done successfully with 
low probability of error as long as 



(2) 

Once decoded, x)^ is canceled from the received signal. 
Finally, a;^^ (corresponds to a;^^^ from the uplink) is decoded 
free of interference. This can be done with low probability of 
error as long as 



1 



IBB, 




(110) 



<C{\h 



(I' 



(1) 



B. Decoding at node Ai 



(1) 



(109) The node Ai proceeds similarly with the exception that x]^ 
is known already and can be canceled from the received signal. 



After having decoded a;^-* and decoded free of 

interference. This can be done with low probability of error 
as long as 



< C 



[\hRA^\ 



■Pa 



(2) 



(111) 



C. Decoding at node B2 

The receivers of the second pair have the same order of 
detection. Thus, the node B2 can decode i?^' with low 
probability of error as long as 



Rf < C 



^RB2 



(4) 



l-RB2 



or 



(112) 



Appendix F 
Decoding at the nodes 



With R'j^' = R)^^, K^' = R'J;^ = Rb„ R'^' = R 

?(4) _ n(2 ■ 



(3) _ 

R ~ ^Aa' 



Rjj = R\^ = i?s2' we describe the decoding strategies at the 
nodes and the achievable rates for the case \hjiBi \ > |^_rAi | > 

\hRB2 I > l^RAil- 



A. Decoding at node Bi 

The node Bi first decodes x^S^ (corresponds to / from the 
uplink) by treating a;^' to a;^-* as noise. This can be done 
with low probability of error as long as 



R'^r^ < c 



\hRB,?Pa'-^'^ 



l + \hBM'P (E-=i 



(4) 

Once decoded, the signal Xj^ is canceled from the received 
signal and a;^'' (corresponds to a;^^^ from the uplink) is 
decoded by treating a;^' and x^'' as noise. This can be done 
successfully with low probability of error as long as 



Rr^ < C 



\hRB,?Paf 



l + \hB,R?P{a^R^ +af 



(3) 

Once decoded, the signal xW is canceled from the received 
signal and Xj^ (corresponds to t from the uplink) is decoded 



Once decoded, the signal x'^^ is canceled from the received 
signal and a;^' is decoded by treating a;^"* and a;^'' as noise. 
This can be done successfully with low probability of error as 
long as 



< C 



IRB2 



'-Pa 



(3) 



1 



\hRB2\^P(a^R^ 



J2; 



D. Decoding at node A2 

Assuming that the node A2 knows the strategy of the relay 

(3) 

and the codebook it has used, it can reconstruct x)^ perfectly, 
since it contains only its own message. Thus, it cancels the 
effect of a;!?^ from the received signal. As a next and final 
Step, it decodes x)^ . This can be done with low probability 
of error as long as 



Rf < C 



\hRA2\'Pa^i^ 



„(2)' 



l + \hRA2\^P{a^R'^ 
Thus, in summary we have 

R^R^ < min (RHS of (fTT2l) . RHS of (dH) 

and 

i?^^ < min (RHS of ( fTTTT ). RHS of ( fTTOl i) 



(113) 
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Appendix G 
Proof of Lemma|4] 

The three cases we have to consider are given in sec- 
tions IIV-EllirV-E3l In the following we provide the proof for 
each case separately. 



A. Case \hjiBi \ > \hRAA > {hRB^l > l^flAal 

Consider a 4-tuple (r^^ , "Tbi , ta^ ^^b^) satisfying (|62]|-(|67T|. 
Starting with the first equation in (ISST i, we equate 

\og(l + a^^^\hRB,?P) =rA,-rB, (114) 



\hRB,?P 
Now from ( |62] | we know that 

a« < ^ 



^ " 'hRB,\^P 



< 1, 



which shows that this is a valid choice of a 



From (|53j, we have 



R'URb, < C 



(1) 

R ■ 



l + \hRB,\^Pa^^\ 



Next we equate = RHS of ( 1115b . by setting 



a 



(2) _ (2''«i -l)(2''-^i-'-^i) 



^ IhRBA'P 
Using ( |62] | and (II 14l i and adding this to ( II 16l l we get 



(115) 



(116) 



l + |/'flBll^P _ -I 

,1 J- 



<1, (117) 



verifying that this is a valid choice of a^'', a^j''- Then we 
equate r-^^ — 7-52 = RHS of dSST l (second equation), by setting 



J3) 



(118) 



Using (|63ll, (HHi and (I117l i and adding this to ( 1118b we get 



,1 J- _ , 1 



< 1, 



verifying that this is a valid choice of aj^ , j = 1 . . . 3. Finally 
from (l54l i. we have 



\hRAA^Paf 



(119) 



1 + l/l^^.Pp (^^W + ^(2) 

Thus, we equate rB2 = RHS of dl 19b . by setting 



(4) (2-^2-1) ^ IfaflA.I^P ,,,,, 



Using (I63]l, (l65Tl. (fTT4li. fUB. (fTTSTi and adding this to (fT20l) 
we get 



4 I+I/IRA2P-P 1 l+|/tHBil^P . 



l + l/iJiBal^P -I l + I^HBal^-P -I 



/iflB, PP 



< 1 



which shows that this is a valid choice of j = 1...4. 

B. Case {HrbA > l^flSal > \hRAA > \hRA2\ 

Consider a 4-tuple (r^^ , , f A2 1 ''B2 ) satisfying (|62]|-(|67]|. 
Starting with the first equation in (l58T l. we equate 

log(l + 4')|/ifl^sJ'p) =rAi -r-Bi (121) 
(1) _ 2''^i-''«i - 1 

Now from (|62]| we know that 



^(1) < 4 -1 
« - |/ifl,Bj2p 



< 1, 



which shows that this is a valid choice of a 



(1) 

R ■ 

Next we equate ta^ —^b^— RHS of dSSl l (second equation), 
by setting 



a 



(3) 



(T-^-rB2 - 1) (1 + (2'--i-«. _ 1; 



(122) 

Using (|63ll, (lllli and (1117b and adding this to (1122b we get 



+a(3) < 4 

^ ^ ^ - \hRB2?P 



l + \hR.B2?P I l + \hllBjfP_ _ ^ 



< 1. 



^RBi I 



verifying that this is a valid choice of a^^\ a^^\ 



From (|56b. we have 



.l + l/iflAiPP^'V 
Next we equate vbi = RHS of ( 11231 ). by setting 



„(2) 



IhRAA'P 

Using ( |62] i and ( 1121b and adding this to ( 1124b we get 



(123) 



(124) 



0) 



<- 



2''Bi - 1 2'"«i+'''*2 - 1 2'"-'*i+'"-'*2 - 1 



|/^i^AJ2p IhRB^l^P IhRBA^P 



(125) 



< 1, 



(i) 

verifying that this is a valid choice of a}^ , j = 1 . . . 3. Finally 
from ( |54l i, we have 



RaI ' ^^2 < C* 



|/iHAj2Pa^'^ 



(126) 



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. XX, NO. XX, MONTH YEAR 



20 



Thus, we equate r^^ = RHS of ( |126l l, by setting 



.(4) _ (2'-^^ -1) 



2 D„ (3) 



(127) 



Using (US, ( fTITT i. dm, (fna and adding this to ( fT27l l 
we get 



4 l+|/lH.4il''-P 1 l+\hRBi\^P 1 



(i) 



< 1 



which shows that this is a valid choice of cxf^ , j — 1 . . A. 

C. Case \hjiBi \ > \hRB2 \ > IhRAoA > I^raA 

Consider a 4-tuple {ta^ ,rBi, f ^2 ,^'32) satisfying (|62]|-(|67]|. 
Starting with the first equation in ( |58T l, we equate 

log (1 + a^^^\hRB, fp) - VA, - TB, (128) 



or 



1 



Now from ( |62] | we know that 

(1) 4 



< 1, 



(1) 
R 



which shows that this is a valid choice of a 

Next we equate ta^ ^^32 = RHS of (I6TI 1 (second equation), 
by setting 



(3) 



(2'^A2-rB2 - 1) ('1 + j^l^^^j'p (2'"^i-'-«i - 1 



hRB^l^P 



(129) 

Using (|63ll, (HHi and (I117l i and adding this to ( |129t we get 



l+l/lRB,! P 



(1) I (3) ^ 4 



hRB.?P 



< 1, 



verifying that this is a valid choice of a^', ctR- 
From (|60] |. we have 

Next we equate = RHS of ( 1130b . by setting 

{2-^2 + \hRA2\^Pa\ 



J4) 



Using ( |62] | and (I128l l and adding this to ( I131l l we get 

^ -\hRA2?P^ \hRB2?P 



(131) 



(132) 



< 1, 



verifying that this is a valid choice of cS^\ a^"*, and Oi"^ . 



Finally from ( |54l i. we have 



2 P^,(2) 



\hRA,VPa'^, 



|2P(^,(3) ^^(4) 



(133) 



1 + [^R -r ^-^j^ 

Thus, we equate = RHS of ( 1133b . by setting 

Using (I63]l, (I65]l, ( fT28] l. ( flUl i. ( fT29] l and adding this to ( fT34l ) 
we get 



2'"«i - 1 2'"«i+''-S2 - 1 2'"«i+'"-*2 - 1 



|/1PA2PP 



IhRB^l^P 



2'-Ai+rB2 _ 1 2''-^l+'"'*2 - 1 
+ — TTTT^ + — TTTT^ < 1, 



\hRB,\^P 



iRBi 



which shows that this is a valid choice of , j = 1, . . . , 4 
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